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Abstract. We define a category gAlt of g-alternative algebras over a field F and present 
the category of alternative algebras Alt as a full subcategory of gAlt; in the case charF ^ 
2, we have Alt = gAlt. For any g-alternative algebra A we give a construction of a universal 
strict general actor 58(A) of A. We define the subset Asoci(A) of A, and show that it is a 
*8(A)-substructure of A. We prove that if Asoci(A) = 0, then there exists an actor of A 
in gAlt and Act (A) — 23(A). In particular, we obtain that if A is anticommutative and 
Ann(A) = 0, then there exists an actor of A in gAlt; from this, under the same conditions, 
we deduce the existence of an actor in Alt. 



1. Introduction 

The paper is dedicated to the problem of the existence of universal acting objects - ac- 
tors in the category of alternative algebras (see Section [2] for the definitions). Actions in 
algebraic categories were studied in [TT], jTTJ , [14], [16], [18], [15], [13] and in other papers. 
The authors were looking for the analogs of the group of automorphisms of a group for as- 
sociative algebras, rings, commutative associative algebras, Lie algebras, crossed modules 
and Leibniz algebras. They gave the constructions of universal objects (universal in dif- 
ferent senses) in the corresponding categories and studied their properties. These objects 
are: the ring of bimultiplications of a ring, the associative algebras of multiplications (or 
bimultipliers) of an associative algebra and multiplications (or multipliers) of a commuta- 
tive associative algebra, the actor of a crossed module, the Lie algebra of derivations and 
the Leibniz algebra of biderivations of a Lie and a Leibniz algebras, respectively. In [6] 
was proposed a categorical approach to this problem, which was continued in [I], [2], [I], 
[3] and [3J. In particular, representable internal object action was defined and necessary 
and sufficient conditions of its existence in a semi-abelian category was established. In [8] 
for any category of interest C, in the sense of [HI], we defined the corresponding category 
of groups with operations Co, C C Cq] for any object A e C we defined an actor Act (A) 
of A; this notion is equivalent to the one of split extension classifier for A, defined in a 
semi-abelian category in [I]. In the same paper we gave a definition and a construction of 
a universal strict general actor 23(A) of A, which is an object in Cq in general and has 
all universal properties of the objects listed above. We proved that there exists an actor 
of A in C if and only if the semidirect product 23(A) K A is an object in C and, in this 
case, 23 (A) is an actor of A in C. Applying this result we considered examples of groups, 
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associative algebras, Lie and Leibniz algebras, crossed modules and precrossed modules. In 
[H] we gave the construction of an actor of a precrossed module, where we introduced the 
notion of a generalized Whitehead's derivation. In the present paper we define a category 
of general alternative (g-alternative) algebras over a field F (denoted by gAlt), which is a 
category of interest. We present the category of alternative algebras (denoted by Alt) as a 
full subcategory of gAlt. In the case, where charF 7^ 2, we have Alt = gAlt. Applying the 
results of [8], for any g-alternative algebra A we give a construction of a universal strict 
general actor of A and obtain sufficient conditions for the existence of an actor of A in 
gAlt. From this we easily deduce analogous results for the case of alternative algebras. 

In Section [2] we recall the definitions of a category of interest, the general category 
of groups with operations of a category of interest, and give examples. We recall the 
definitions of structure, derived action and actor in a category of interest. We state a 
necessary and sufficient condition for the existence of an actor in a category of interest 
in terms of a universal strict general actor. The construction of this object for the case 
of the category gAlt is given in Section [3j In the beginning of this section we define 
derived actions in the categories of g-alternative and alternative algebras. We state some 
properties of g-alternative algebras in terms of the axioms of the corresponding category 
of interest, which are essentially well-known for the case of alternative algebras. Then we 
give a construction of a universal strict general actor 23 (A) of a g-alternative algebra A; 
as special cases of known definitions we define a semidirect product and the center of an 
object in gAlt (equivalently, in Alt). In Section H] for any g-alternative algebra A we define 
the 23(A)-substructure Soci(A) of A, due to which we define certain subset Asoci(A), which 
turned out to be a 23 (/^-substructure of A. We study the properties of this object, which 
are applied in what follows. In Section [5] we give an example of algebra, which shows that 
the object 23(A) is not a g-alternative algebra in general; we state sufficient conditions for 
23 (A) G gAlt. In Section [6] we give examples of algebras for which the action of 23(A) on A 
is not a derived action in general. The final result states that if Asoci(A) = 0, then 23(A) is 
a g-alternative algebra, the action of 23(A) on A is a derived action in gAlt and according 
to the general result, given in [9J, 23(A) = Act (A). In particular, if A is anticommutative 
(i.e. aa' = —a'a, for any a, a' G A) and Ann(A) = 0, then there exists an actor of A in gAlt. 
At the end of the section we give another description of an actor of a g-alternative algebra 
in terms of a certain algebra of bimultiplications, defined in analogous way as for the case 
of rings or associative algebras. In Section we investigate more properties of the object 
23(A) under the conditions that A is anticommutative with Ann (A) = 0; in particular, it 
is proved that 23(A) G Alt and its action on A is a derived action in Alt, which give the 
sufficient conditions for the existence of an actor in the category of alternative algebras. 
Note that in the cases of associative algebras and rings the algebras of bimultiplications 
played an important role in the extension and obstruction theories [TTj [T7] . From this 
point of view the results obtained in this paper could be applied to a cohomology and the 
corresponding extension and obstruction theories of alternative algebras. 
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2. Preliminary definitions and results 

This section contains some well-known and new definitions and results which will be 
used in what follows. 

Let C be a category of groups with a set of operations fl and with a set of identities E, 
such that E includes the group identities and the following conditions hold. If $7, is the set 
of i-ary operations in Q, then: 

(a) Q = (] U(]iU Q 2 ; 

(b) the group operations (written additively: (0,—,+) are elements of ffo, Q\ and VL 2 
respectively. Let Q' 2 = Q 2 \ {+}, ^1 = ^1 \ { — } an d assume that if * G Q 2 , then 
Q' 2 contains *° defined by 2 *° y = y * 2. Assume further that Sl — {0}; 

(c) for each * G Q' 2 , E includes the identity x * (y + z) = x * y + x * z; 

(d) for each u G ft[ and * G Q! 2 , E includes the identities u(x + y) = uj(x) + u(y) and 
uj{x) * y = oj(x * y). 

Note that the group operation is denoted additively, but it is not commutative in general. 
A category C defined above is called a category of groups with operations. The idea of 
the definition comes from [TO] and axioms are from [T9] and [2D]. We formulate two more 
axioms on C (Axiom (7) and Axiom (8) in [T5]). 
If C is an object of C and Xi,x 2 , 13 6 C: 

Axiom 1. x\ + (22 * £3) = (#2 * £3) + %ii for each * G fl' 2 . 

Axiom 2. For each ordered pair (*, *) G Vt' 2 x Vl' 2 there is a word W such that 

(xi * x 2 )*x 3 = W{x 1 {x 2 x z ),x 1 {x z x 2 ), (£2X3)21, 

(£3X2)21, 2 2 (2i2 3 ), 2 2 (2 3 2i), (2123)22, (2321)22), 

where each juxtaposition represents an operation in Q 2 . 

A category of groups with operations satisfying Axiom 1 and Axiom 2 is called a category 
of interest in [Tj5] . 

Denote by Eg the subset of identities of E which includes the group identities and 
the identities (c) and (d). We denote by Cq the corresponding category of groups with 
operations. Thus we have Eg E, C = (Q, E), Cg = (fi, Eg) and there is a full inclusion 
functor C "—>■ Cg- The category Cg is called a general category of groups with operations 
of a category of interest C in [7] and [Sj. 

Examples of categories of interest. In the case of the category of associative algebras 
with multiplication represented by *, we have Q! 2 = {*,*°}. For Lie algebras take Vt' 2 = 
([ > ]>[ > ]°) (where [a,b}° = [b,a] = —[a, b}). For Leibniz algebras (see [IS]), take fl 2 = 
([ , ], [ , ]°), (here [a, b}° = [b, a}). It is easy to see that the categories of all these algebras 
are categories of interest. In the cases of the categories of groups, abelian groups and 
modules over a ring we have Q 2 = 0. As it is noted in [19] Jordan algebras do not satisfy 
Axiom 2. Below we will see that the category of alternative algebras is a category of 
interest as well. 
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Definition 2.1. (19] Let A, B G C. An extension of B by A is a sequence 

(2.1) A^E-^B -0 

in which p is surjective and i is the kernel of p. We say that an extension is split if there 
is a morphism s: B — > such that = 1#. 

Definition 2.2. [19] A split extension of B by A is called a B-structure on A. 

According to |19j . for A, B G C "a set of actions of I? on A", means that there is a map 
f*: B x A — ► A, for each * g f2 2 . Instead of "set of actions" often is used for simplicity 
"an action", and it means that there is a set of actions {/*}*e^ 2 - Note that a set of actions 
has a different meaning in [Tj. 

A 5-structure on A induces a set of actions of B on A corresponding to the operations 
in C. If (12 .ip is a split extension, then for b G B, a G A and * G VL 2 we have 

(2.2) b-a = s{b) + a- s(b), 

(2.3) b* a = s(b) * a. 

Actions defined by (12.21) and (12. 3p are called derived actions of B on A in [TH]. Under 
B- substructure of A naturally we will mean a subobject A' of A which is closed under all 
derived actions of B on A', i.e. left and right derived actions. 

In the case of associative algebras over a ring R a derived action of B on A is a pair of 
.R-bilinear maps 

(2.4) B x A — ► A, Ax B — ► A 

which we denote respectively as (b, a) > ba, (a, b) i— > ab, with conditions 



(6i6 2 )a = 


bi(b 2 a), 


a{bib 2 ) = 


(abx)b 2 , 


(M)&2 = 


bi(ab 2 ), 


(aia 2 )b = 


di(a 2 b) 


b(aia 2 ) = 


{bai)a 2 . 


(aib)a 2 = 


a>i(ba 2 ). 



for any a±, a 2 G A and b±, b 2 G B. Note that these identities are well-known, and they can 
be obtained easily from the definition of a derived action (12. 3p and the associativity axiom. 

According to [TU], in any category of interest, given a set of actions of B on A, the 
semidirect product B x A is the universal algebra, whose underlying set is B x A and the 
operations are defined by 

(6', a') + (b,a) = (b' + b,a' + b' ■ a), 
(6', a') * (6, a) = (b' * 6, a' * a + a' * b + b' * a). 

Theorem 2.3. [T^] A set of actions of B on A is a set of derived actions if and only if 
B x A is an object of C. 
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Definition 2.4. [TJ [8] For any object A in C, an actor of A is an object Act (A) in C, 
which has a derived action on A in C, and for any object C of C and a derived action of 
C on A there is a unique morphism ip : C — > Act (A) with c • a = ip(c) ■ a, c* a = ip(c) * a 
for any * G Q 2 ', & G A and c G C. 

In [8], for any object A of a category of interest C, we define a universal strict general 
actor 23(A) of A, which is an object of Cq, and give the corresponding construction. We 
present this construction for the case of g-alternative algebras (see below the definition) in 
Section [3J 

Theorem 2.5. [8] Let C be a category of interest and A G C. A has an actor if and only if 
the semidirect product 53(A) x A is an object of C. If it is the case, then Act (A) = 53(A). 

From Theorems 12.31 and 12.51 we have 

Corollary 2.6. An object A of a category of interest C has an actor if and only if*B(A) G C 
and the action o/ 53(A) on A is a derived action. 

Recall that an alternative algebra A over a field F is an algebra which satisfies the 
identities x 2 y = x(xy) and yx 2 = (yx)x, for all x,y G A. These identities are known 
respectively as the left and right alternative laws. We denote the corresponding category 
of alternative algebras by Alt. Clearly any associative algebra is alternative. The class of 
8-dimensional Cayley algebras is an important class of alternative algebras which are not 
associative [2T]; commutative alternative algebras are Jordan algebras. 

Note that in all categories of algebras, considered in this paper as categories of interest, 
algebras are generally without unit, but, of course, algebras with unit are also included 
in these categories. We will always note when we deal with algebras over a field with 
characteristic 2, but nevertheless in such cases we will use the sign "— " before the elements 
of the algebra, in order to denote the additive inverse elements, e.g. —a, for the element 
inverse to a of the algebra A; this we do essentially in order not to confuse a reader during 
the computations while we apply different axioms or certain assumptions on algebras. 

Here we introduce the notion of a general alternative algebra. 

Definition 2.7. A general alternative algebra (shortly g-alternative algebra) A over a field 
F is an algebra, which satisfies the following two axioms for any x, y, z G A 

Axiom 2i. x(yz) = (xy)z + (yx)z — y(xz); 
Axiom 2 2 . (xy)z = x(yz) + x(zy) — (xz)y. 

These axioms are dual to each other in the sense, that if x o y = yx, then Axiom 2i for 
the operation o gives Axiom 2 2 for the original operation, and obviously, Axiom 2 2 for the 
o operation gives Axiom 2i. We consider these conditions as Axiom 2 and consequently, 
the category of g-alternative algebras can be interpreted as a category of interest, which 
will be denoted by gAlt. According to the definition of a general category of groups 
with operations for a given category of interest, we obtain that Altc = gAlt G and it is a 
category of groups together with the multiplication operation, which satisfies the identity 
x(y + z) = xy + xz. 



6 



J.M. CASAS, T. DATUASHVILI, AND M. LADRA 



Denote by gAlt the full subcategory of gAlt of those objects and homomorphisms between 
them, which satisfy the following condition 
Ei. (xy)x = x(yx), for any x,y G A. 

This identity is called the flexible law [2Tj or flexible identity [22] . 

Proposition 2.8. (i) For any field F, we have the equality Alt = gAlt; 
(ii) If char F ^ 2, then gAlt = gAlt = Alt. 

Proof, (i) Let A be an alternative algebra, then we have 

(x + y) 2 z = (x + y)((x + y)z), for any x,y,z E A, 

from which follows Axiom 2 X . Analogously, the identity x(y + z) 2 = (x(y + z))(y + z) 
gives Axiom 2 2 . Thus we have Alt C gAlt. It is well-known fact that every alternative 
algebra satisfies the condition Ei; see the equivalent definition of alternative algebras and 
the proof of Artin's theorem, e.g. in [T2]. We include here the proof based on the fact that 
alternative algebras are g-alternative algebras. From Axiom 2\, for y = z we have 

(2.5) xy 2 = (xy)y + (yx)y - y(xy) 

and since xy 2 = (xy)y, we obtain (yx)y = y(xy), which is the condition Ej. Now we shall 
show that gAlt C Alt. Let A G gAlt, again from (12.51) . applying the condition E x we obtain 
xy 2 = {xy)y. Analogously, from Axiom 2 2 for x = y we have x 2 z = x(xz) + x(zx) — (xz)x; 
this by Ei implies x 2 z = x(xz), which ends the proof of (i). 

(ii) We have only to show that if charF ^ 2, then every g-alternative algebra satisfies 
the condition Ei. From Axiom 2 2 for y = z, we have {xy)y = xy 2 + xy 2 — (xy)y. From 
this and (I2.5P we have 2y(xy) = 2(yx)y, applying the fact that charF ^ 2 we obtain the 
condition Ei, which ends the proof. □ 

The following example shows that in the case charF = 2 we have the strict inclusion 
Alt C gAlt. 

Example 2.1. Let A be the free g-alternative algebra generated by the one element set 
{x} over a field F, and char F = 2. Then, according to Axiom 2i, since (xx)x+ (xx)x = 0, 
we only obtain that x(xx) = —x(xx), as it is for any element a G A, i.e. a = —a, since 
charF = 2. Analogously, from Axiom 2 2 , we will have (xx)x = —(xx)x, which shows that 
A is not an alternative algebra. 

3. Derived actions and universal acting objects in the categories of 
g-alternative and alternative algebras 

According to the definition of derived action in a category of interest, in the category of 
g-alternative algebras over a field F we obtain the following: a derived action of B on A 
in gAlt is a pair of F-bilinear maps (12.41) . which we denote by (b, a) i— > ba, (a, b) i— > ab with 
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the conditions 



a i • 




(bo,i )n,o -\- ( Oa b)o,o 


— (7,1 (bfl,n) 


T 

i2- 


In- n 1/1 — 

\a\a 2 )u — 


si { /~t h\ 1 1 /7 1 Al/i _ 1 

(i\\u, 2 u) -\- Uj\\ua 2 ) 


— ^OiOJCi2, 


1.3- 


{ba 1 )a 2 = 


b{a\a 2 ) + b(a 2 ai) 


- (6a 2 )ai, 


I 4 . 


ai(a 2 b) = 


(aia 2 )b + (0301)6 


— a 2 (oi6), 


Hi- 


{hb 2 )a = 


6i(6 2 a) + h(ab 2 ) 


- (6 1 a)6 2 , 


H 2 . 


a{b 1 b 2 ) = 


(061)62 + (61 a) 6 2 


- 6i(a6 2 ), 


US- 


(abi)b 2 = 


0(6162) + 0(6261) 


- (o6 2 )6i, 


II 4 . 


bi{b 2 a) = 


(6 x 6 2 )a + (6 2 6i)a 


- 62(61 a), 



for any Oi,a 2 G A and 61,62 G £>. These identities are obtained according to (12.31) and 
Axiom 2 for g-alternative algebras. 

For the case of alternative algebras for derived actions we will have I x — 14, Hi — II 4 , and 
two more identities obtained from the condition Ei: 

1111. a(6a) = (a6)a, 

111 2 . 6(a6) = (6a)6, 

for any a G A, b G B. In the case where A is a vector space over a field F we obtain the 
well-known definition of an alternative bimodule or, equivalently, of a representation of an 
alternative algebra [21 J . 

From Axiom 2 we easily deduce the following useful identities in terms of Axiom 2 of the 
corresponding category of interest, which express the well-known properties of alternative 
algebras (see e.g. [21], [22]). We shall use the notation like (1 <-> 2, — ) in order to denote 
that right side of the identity is obtained by the permutation of the first and the second 
elements from the left side, and the signs of the summands are changed; the notation like 



(1 — > 3 — ^ 2 — > 1) denotes that the right side of the identity is obtained by the following 
changes in the left side: the first element takes the place of the third one, the third element 
the place of the second one and the second element takes the place of the first one. 

(3.1) (1 <-> 2, — ) {xy)z — x(yz) = —(yx)z + y(xz) 

(3.2) (1 <-> 3, — ) (xy)z — x(yz) = —(zy)x + z(yx) 

(3.3) (2 <-> 3, — ) (xy)z — x(yz) = —{xz)y + x(zy) 

(3.4) (1 — > 3 — ► 2 — > 1) (xy)z — x(yz) = (yz)x — y(zx) 

(3.5) (1 — > 2 — > 3 — > 1) (xy)z — x(yz) = (zx)y — z(xy) 

(3.6) {xy)z + z(xy) = x(yz) + (zx)y 

(3.7) (xy)z + (yx)z — x(yz) + y(xz) 

(3.8) z(xy ) + z(yx) = (zx)y + (zy)x 



s 
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for any x,y,z G A. Note that we have (13 .11) 4=> Axiom 2 1; (13. 3p Axiom 2 1; and H3.4[) 
from right to the left is the same as (13.51) . In the case charF ^ 2, (13.21) is equivalent to 
the flexible law Ei. 

Let {Bi}i(zi be the set of all g-alternative algebras, which have a derived action on A 
in gAlt. From the properties Ii — I4 it follows that identities (I3.ip - (I3.8I) are true for any 
x,y,z G A, where one of the elements from x, y, z is in Bi for any i G /. 

Let A and B be g-alternative (resp. alternative) algebras and B has a derived action 
on A in gAlt (resp. Alt). According to the general definition of a semidirect product in 
a category of interest given in Section [21 B K A is a g-alternative (resp. an alternative) 
algebra, whose underlying set is B x A and whose operations are given by 

(&', a') + (6, a) = (b' + b,a' + a), 
(&', a')(b, a) = (b'b, a' a + a'b + 6'a). 

According to Definition 12. 4} for any g-alternative (resp. alternative) algebra A, an actor 
of A is an object Act (A) G gAlt (resp. Act (A) G Alt), which has a derived action on A 
in gAlt (resp. Alt) and for any g-alternative (resp. alternative) algebra C and a derived 
action of C on A, there is a unique homomorphism (p: C — ► Act(A) with ca = <p(c)a, for 
any a & A and c G C. 

Here we give a construction of a universal strict general actor *B(A) of a g-alternative 
algebra A, which is a special case of the construction given in [8] for categories of interest. 
In this case we have only two binary operations: the addition, denoted by " + ", and the 
multiplication, which will be denoted here by dot Note that this sign was omitted 
usually in above expressions for g-alternative algebras, and it will be so in the next sec- 
tions as well, when there is no confusion. Since the addition is commutative, the action 
corresponding to this operation is trivial. Thus we will deal only with actions, which are 
defined by multiplication according to (12.31) . and this action will be denoted by • as well 

b ■ a = s(b) ■ a. 

Consider all split extensions of A in gAlt 

Ef.o — -.1 — r,^-/^ -0 , J G J. 

Note that it may happen that Bj = B k = B, for j 7^ k, in this case the corresponding 
extensions derive different actions of B on A. Let {(bj-, -bj)\bj G Bj} be the set of all pairs 
of F-linear maps A — >• A, defined by the action of Bj on A. For any element bj G Bj denote 
bj = (by, -bj). Let 1 = {bj\bj G Bj, j G J}. 

According to Axiom 2 from the definition of gAlt as a category of interest, we define the 
multiplication, bj • b^, for the elements of B by the equalities 

(bj • b fc ) • (a) = h ■ (b k ■ a) + k ■ (a • b k ) - (6, • a) • b k , 
(a) ■ (bj • b fc ) = (a ■ bi) ■ b k + (bi ■ a) ■ b k - h ■ (a ■ b k ) . 

For b = bi 1 • . . . • hi n with certain brackets, b ■ a is defined in a natural way step by step 
according to brackets and to above defined equalities. 
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We define the operation of addition by 

(bj + b fe ) • (a) = hi ■ a + b k ■ a. 
For the unary operation "-" we define 

(-b k ) ■ (a) = -(b k ■ a), 

(-6)-(a) = _(6.(a)) l 

- (61 H \-b n ) = -b n bi, 

where b,bi, . . . ,b n are certain combinations of the dot operation on the elements of B, i.e. 
the elements of the type bj x • . . . • b$ n , where we mean certain brackets, n > 1. Obviously, 
the addition is commutative. 

Denote by 03' (A) the set of all pairs of F-linear maps obtained by performing all kinds 
of above defined operations on the elements of B. We define the following relation: we will 
write b ~ b', for b, b' G 23'(A), if and only if b ■ (a) = b' ■ (a), for any a G A. This relation is 
a congruence relation on 23'(A), i.e. it is compatible with the operations we have defined 
in 23'(A). We define 05(A) = 23' (A)/ ~. The operations defined on 23' (A) induce the 
corresponding operations on 23(A). For simplicity we will denote the elements of 23 (A) by 
the same letters b, b', etc. instead of the classes db, clb', etc. 

According to the general result [H Proposition 4.1] 23(A) is an object of gAlt G ; moreover, 
it is obvious, that 23(A) is an F-algebra. 

Define the set of actions of 23(A) on A in a natural way: for b G 23(A) we define 
b ■ a = b ■ (a). Thus if b — b^ . . . b in , where we mean certain brackets, we have 

b ■ a = (b h -i . . . - n _i bjj • (a), 

where the right side of the equality is defined according to the brackets and Axiom 2. For 
bk G Bk, k G J, we have 

b k ■ a = b k ■ (a) = b k ■ a. 

Also 

(61 + b 2 H h b n ) ■ a = 61 • (a) H h b n ■ (a), for 6; G 23(A), i = 1, . . . , n . 

It is easy to check (see P, Proposition 4.2] for the general case) that the set of actions 
of 23(A) on A is a set of derived actions in gAlt G . 

The construction of a universal strict general actor of an alternative algebra A in Alt is 
analogous to the one of 23(A); in this case we consider all split extensions Ej of A in Alt, 
i.e we will deal with the family {Bi} i( zj of all alternative algebras, which have a derived 
action on A in Alt. The corresponding object will be denoted by 23 Ait (A), and it is an 
object of Altc- 

For any A G gAlt, define the map d: A — > 23(A) by d(a) = a, where a = {(a-, -a)}. 
Thus we have by definition 

d(a) ■ a' = a ■ a, a ■ d(a) = a' ■ a, for any a, a' G A. 
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According to the general results (see the case of a category of interest, [SJ Lemma 4.5 and 
Proposition 4.6]) d is a homomorphism in gAlt G and moreover d: A — ► 25(A) is a crossed 
module in gAlt G with certain universal property. 

From the general definition of a center in categories of interest [8], (cf. [IH]), for any 
g-alternative algebra A, we obtain that the center of A is defined by 

Z(A) = Kerd = {z G A | for all a G A, az = za = 0} . 

Therefore the center in this case is a left-right annulator of A, denoted by Ann (A) (see [T7| 
for the case of rings). 

4. Soci(A), Asoci(A) and their properties 

For any x, y, z G A \J 03(A), A G Alt, consider the following types of elements: 

(sac) x(yz) + x(zy), (yz)x + (zy)x ; 

(as) x(yz) - (xy)z; 
(aas) x(yz) + (xy)z; 

(ap) x(yz) + y(xz), (yz)x + (yx)z. 

Let {Bi} ieI be the family of g-alternative algebras which have a derived action on A. 
According to the above notation we define the following sets in A. 

• Sf 3,0 (resp. S^ 3,0 ) : the set of elements of A of the type (sac), where one element 
(resp. two elements) from the triple (x,y,z) is (resp. are) in \J ieI Bi. 

• Sf 3,0 (resp. S^ ) : the set of elements of A of the type (sac), where one element 
(resp. two elements) from the triple (x,y,z) is (resp. are) in 03(A). 

• Si* (resp. Sf*) : the set of elements of A of the type (as), where one element (resp. 
two elements) from the triple (x,y,z) is (resp. are) in (J ieJ Sj. 

• S± s (resp. S^) : ^e set of elements of A of the type (as), where one element (resp. 
two elements) from the triple (x,y,z) is (resp. are) in %${A). 

• S^ as (resp. 5*2 as ) : the set of elements of A of the type (aas), where one element 
(resp. two elements) from the triple (x,y,z) is (resp. are) in \J ieI Bi. 

• 5f as (resp. iSf as ) : the set of elements of A of the type (aas), where one element 
(resp. two elements) from the triple (x,y,z) is (resp. are) in 03(A). 

• Sl P (resp. S'jP) : the set of elements of A of the type (ap), where one element (resp. 
two elements) from the triple (x,y,z) is (resp. are) in Bi. 

• Si P (resp. S^) : the set of elements of A of the type (ap), where one element (resp. 
two elements) from the triple (x,y,z) is (resp. are) in 03(A). 

Definition 4.1. For any A G gAlt define Soci(A) as the 03(v4)-substructure of A generated 
by the set Sf 10 . 

Definition 4.2. For any n > 1 denote Asoci n (A) = {x G A\(. . . ((xai)a 2 ) . . . a n ) G 
Soci(A), for any a±, a 2 , . . . , a n G A}. Define Asoci(A) = U n>1 Asoci n (A). 

From the definition it follows that Soci(A) C Asoci 1 (A) and Asoci n (A) C Asoci n+1 (A) 
for any n. 



ACTOR OF AN ALTERNATIVE ALGEBRA 



11 



Lemma 4.3. Let A' be a Bi- sub structure of A for any i G I. Then A' is a 23(v4)- 
substructure of A in gAlt G . 

Proof. Let b = bibj be an element of 23(A). For any x G A 1 we have 

(hbj)x = h(bjx) + bi(xbj) - (hx)bj . 

By the condition of the lemma, every element on the right side is an element of A', therefore 
(bjbj)x G A'. By induction, in analogous way, it can be proved that bx G A' for any 

be<B(A). • • • ^ 

Lemma 4.4. Asoci(A) is a two sided ideal of A. 

Proof. It is obvious that if x G Asoci(A), then xa G Asoci(A) for any a G A. Now 
we shall show that ax G Asoci(A). Since x G Asoci(y4), there exists a natural number 
k, such that for any ax, a 2 , . . . , G A, (. . . ((— xax)a 2 ) ■ ■ ■ )a& G Soci(A); in particular, 
(. . . ((—xa)ai) . . . )afc_i G Soci(A). We have (ax)ax ~ (— xa)ai. By the definition Soci(A) 
is an ideal of A, therefore (. . . ((—xa)ax) . . . )afc_i — (. . . ((ax) ax) . . . )ak-x- From this it 
follows that (. . . ((ax)ax) ■ ■ ■ )afe-i G Soci(A), which ends the proof. □ 

Proposition 4.5. For any A G gAlt, Asoci(A) is a 53 (A) -substructure of A. 

Proof. By Lemma [4.31 we have only to prove that for any hi G Bi, i G /, if x G Asoci(A), 
then xbi, biX G Asoci(A). First consider the case, where x G Asoci 1 (A). For any a G A we 
have 

(xbi)a = x(bia) + x(abi) — (xa)bi . 

The sum of the first two summands on the right side is in Soci(A); since xax G Soci(y4) and 
Soci(A), by definition, is a Q3(y4)-substructure in A, the third summand (xa)bi is in Soci(A) 
as well. From this we conclude that (xb,Aa G Soci(y4), which means that (xbi) G Asoci(A). 

Consider the case where x G Asoci 2 (v4). We have (xai)a 2 G Soci(^4), for any a 1; a 2 G A. 
We compute 

((xbi)ax)a 2 = (x(6jOi) + x(a 1 6 i ))a 2 - ((xai)6 i )a 2 . 

By Lemma 14.41 xai G Asoci 1 (y4), thus from the above proved case we obtain (xax)h G 
Soci(A), and therefore ((xax)bi)a 2 is in Soci(A) as well. Moreover (x(biai) + x(axbi))a 2 G 
Soci(A) since Soci(A) is an ideal of A. From this we conclude that ((xbi)ax)a 2 G Soci(A). 
In this way by induction we show that for any natural number n and x G Asoci n (A), 
xbi G Asoci(A). In analogous way is proved that biX G Asoci(A), which ends the proof. □ 

Notation. For any set X of elements of A, A G gAlt, we will write X ~ if and only 
if X C Asoci(A). We will write x\ ~ x 2 (resp.xi ~ x 2 ), for x±,x 2 G A, if and only if 
xx — x 2 G Asoci(A) (resp. xx — x 2 G Soci(A)). Therefore xx ~ x 2 implies a?i ~ x 2 . 

By Proposition 14.51 and the definition of Soci(A), ~ and ~ are congruence relations 
for the elements in A. 

Lemma 4.6. (i) S^ as ~ and S? s ~ 0. 

(ii) If A is an anticommutative g-alternative algebra, then A is antiassociative and 
second level associative, i.e. ((xy)z)a = (x(yz))a, for any a,x,y,z G A. 
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(iii) If A is an anticommutative g-alternative algebra and Ann(v4) = ; then A is anti- 
associative, associative and 2x(yz) = 2(xy)z = 0, for any x,y,z G A. 

(iv) If A is anticommutative g-alternative algebra over a field F with charF 7^ 2 and 
Arni(A) = 0, then A = 0. 

Proof, (i) First we show that Si as ~ 0. We have (xy)z + x(yz) ~ —[xz)y — y[xz) ~ 

— {xz)y + (xz)y = 0. 

For Si s ~ 0, from Axiom 2i we obtain (x(yz))a ~ — (a:a)(?/2;). 

Applying antiassociativity up to congruence relation (i.e. the fact that Sf as ~ 0) and the 
definition of Soci(v4) we obtain {{xy)z)a ~ — ((xy)a)z ~ ((xa)?/),2 ~ — (xa)(yz). Therefore 
we have (x(yz))a — ((xy)z)a ~ 0, which proves that S^ 8 ~ 0. 

(ii) Antiassociativity of A is a special case of Si as ~ in (i), where "~" is replaced 
by "=" , since A is anticommutative. The proof of the second level associativity of A is 
a special case of the proof of S® s ~ in (i), where x,y,z G A and "~" is replaced by 
"=" again. 

(iii) Since Ann(A) = 0, second level associativity of A implies associativity and therefore, 
applying (ii) we have x(yz) = (xy)z = —x(yz), from which follows the result. 

(iv) Since from (iii) (2 • lp)x(yz) = and charF 7^ 2, it follows that x(yz) = for any 
x,y,z G A, which implies that z = 0, for any z & A, since Ann(A) =0. □ 

Proposition 4.7. 5| ac ~ 0. 

The proof is based on several lemmas. 
Lemma 4.8. ~ 0. 

Proof. We shall prove the congruence relation for the elements of the type x(yz) + x(zy), 
and the case (yz)x + (zy)x is left to the reader. 

Consider the case where x = b^y = bj. For any a G A we have 

(bi(bjz) + bi(zbj))a ~ -(bia){bjz) - (bia)(zbj) . 

The right side is an element of Sl ac and therefore it is an element of Soci(A), which proves 
that ipiibjz) +bi(zbj)) ~ 0. Analogously, it can be proved that ((xbi)bj + (bix)bj)a ~ and 
therefore (xbAbj + {bix)bj ~ 0. 

Consider the case y = bi,z = bj. Thus we have to show that x{bibj)+x{bjbi) G Asoci(A). 
For any a e Awe have (x(bibj)+x(bjbi))a = ((xbi)bj)a-\-((bix)bj)a—(bi(xbj))a-\-((xbj)bi)a-\- 
((bjx)bi)a — (bj(xbi))a. Applying the case noted above (i.e., ((xbi)bj + {bix)bj)a ~ 0) we 
obtain that the right side is ~-congruent to the following one —(bi(xbj))a — (bj(xbi))a = 
—bi((xbj)a) — bi(a(xbj)) + (biO)(xbj) — bj((xbi)a) — bj(a(xbA) + (bjO)(xbi) ~ (biO)(xbj) + 
(b j a)(xb i ). 

For any a' G A we have ((bia)(xbj))a f ~ — ((biO)a') (xbj) ~ (((bia')a)xbj) ~ —(bia')(a(xbj)) ~ 
(bia')(x(abj)) ~ — (bia')(x(bjO)) ~ (6 i a')((6 J a)a;) ~ — {{bia'){bja))x ~ ((bja)(bia'))x ~ 

— (bja)((bia')x) ~ (bja)((bix)a') ~ ((bjd}(bix))a' ~ ((bja)(xbi))a' . 

Here we applied the fact that Soci(A) ~ and Lemma 14.61 (i). Thus we obtain that 
((bia)(xbj) + (bja)(xbi))a' ~ 0, which gives that ((x(bibj) + x(bjbi))a)a' G Asoci(A), for any 
a, a' G A and therefore x(bibj) + x{bjbi) G Asoci(A). □ 
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Lemma 4.9. Sf 10 ~ 0. 

Proof. We shall show that (bibj)(yz) + (bibj)(zy) G Asoci(v4) and other cases are left to the 
reader. (b i b j )(yz) + (b i b j )(zy) = bi(bj(yz)) + bi((yz)bj) - (bi(yz))bj +bi(bj(zy)) +b i {{zy)b j ) - 

(H z y)) b 3 - -( b i(y z )) b i - (H z y)) b j - (H z y)) b j - ( b i( z y)) b j - °- 

Here we applied Proposition 14.51 and Lemma 14.81 □ 
Lemma 4.10. 5 2 as ~ 0, S 2 aas ~ 0. 

Proof. We shall prove that b k {yb{) — (b k y)bi ~ 0, for any y G A, b k G B k and b\ G B t k,l G I; 
other cases are proved in analogous ways applying Lemma 14.91 We have 

(bk(ybi))a-(( b ky) b i)a ~ -(b k a)(ybi) + ((b k y)a)bi ~ ((b k a)y)bi + ((b k y)a)bi ~ -((b k y)a)bi+ 
{{b k y)a)bi ~ 0. □ 

Applying these lemmas we prove Proposition 14.71 

Proof. (Proposition S2D We shall show that {bibj)(y(b k bi)) + (bibj)((b k bi)y) G Asoci(A). 
We have (^)(y(& fc &0)+(W((WjO = (&i^)((y^)^+(^2/)^-^(^))+(&i^)(fefc(^y) + 

&jfc(y&0 - (hy) b i)- 

Applying Proposition 14.51 and Lemma 14.81 we obtain that this expression is ~-congruent 
to the following —(bibj)(b k (yb[)) — (bibj)((b k y)bi), which by Lemma 14.101 is ~-congruent to 
0. ' " □ 

Lemma 4.11. Sf ~ 0, S aas ~ 0. 

Proof. We shall prove that ((bibj)y)z — (bibj)(yz) ~ 0, y, z G A. We have 

= (b i (b j y) + b t (yb j )-(b i y)b j )z-b t (b j (yz))-b i ((yz)b j ) + (b l (yz))b j ~ 

-(( b iy) b j)z + ( b i(yz)) b j - -(( b iy) b j) z -(y(h z )) b j - (( b iy) z ) b j-(y( b -i z )) b j - -((yh) z ) b j- 

(y( b iz)) b j ^ -{y{biz))bj - (y(biz))bj = 0. 

Other cases are proved in similar ways applying Proposition 14.71 □ 

Proposition 4.12. Sif ~ 0. 

Proof. We shall show that {bibj){y(b k bi)) — ((bibj)y)(b k bi) ~ 0. The general case can be 
proved by application Lemmas 14.101 and 14.111 We apply Lemma 14.101 and obtain 

- (6i6i)((2/6 fc )6i)-(((6*6i)2/)6*)6i - H b A(y b k) b i))-{{H b 3 y)) b k) b i ^ 

M(^yW0-((M&,i/)) 6 *) 6 « - {Hh{y b k)))h-{{Uhy)) b k) b i - ( b i( b Ayh))) b i-((U b 0))h) b i - 
((H b jy))h) b i - ((H b ,y))h) b i ^ o. □ 

In analogous ways are proved the following statements. 
Proposition 4.13. S*| as ~ 0. 
Lemma 4.14. S ap ~ 0. 
Proposition 4.15. ~ 0. 
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5. Sufficient conditions for 23(A) g gAlt 

We know from Section [2] that 23(A) is an object in gAlt G . We begin this section with 
an example, which shows that the elements of 25(A) generally do not satisfy Axiom 2 X and 
Axiom 2 2 , and therefore 23(A) is not a g-alternative algebra in general. 

Example 5.1. Let A and A be associative algebras over a field F with charF ^ 2,3; 
let A be anticommutative, Ann(A) ^ 0, and A has a derived action of A in the category 
of associative algebras, such that Xaa' = 0, XX'a = and Aa = — aA, for any A, A' G A, 
and a, a' G A. For example one can take A = A, since anticommutativity of A implies 
antiassociativity, and together with char F ^ 2 it gives that aa'a" = for any a, a', a" G A. 
Let R be a g-alternative algebra with unit 1, which acts on A in gAlt, in such a way that 
la = al = a for any a £ A. 

Let A x A be the product associative algebra. Consider the following actions of R and 
A on A x A: 

r(a, a') — (ra, 0), (a,a')r—(ar,0), A(a, a') = (0, Aa), (a, a')A = (0, aA), 

for any r G -R, A G A and (a, a') G A x A. It is obvious that the action of R on A x A is 
a derived action and, it can be easily checked, that the action of A on A x A is a derived 
action as well. We will show that the equality 

bi{bjb k ) = (bibj)b k + (bjbi)b k - bj(bib k ) , 

where b{ G -Bj, bj G Bj, b k G B k doesn't hold in general. 

Consider the case, where hi — A, bj — b k — 1, A G A, and 1 is unit of R. 
We first compute the results of the following actions and obtain: 



(l\)(a,a!) = 


-(0,aA), 


(Al)(a,a') = 


(0,2Aa) 


(a,a')(lA) = 


(0,2aA), 


(a,a')(Al) = 


-(0, Aa 


A(l(a,a')) = 


(0,Aa), 


A((a, a')l) = 


(0,Aa), 


(l(a,a'))A = 


(0,aA), 


((a,a')l)A = 


(0,aA), 


r((a, a')A) = 


(0,0), 


r(A(a, a')) = 


(0,0), 


((a, a')A)r = 


(0,0), 


(A(a, a'))r = 


(0,0), 



for any (a, a') G A x A, r G R and unit 1 of R. 

We shall show that the following equality is not true in general 

(A(l ■ l))(a, a') = ((Al)l)(a, a') + ((lA)l)(a, a') - (l(Al))(a, a') . 

The computations of both sides give that this equality is equivalent to the following one 
2Aa = 4Aa - 2aA - Aa = 0. 

Since Aa = — aA and char F ^ 3, this equality gives Aa = 0, which is not true in general. 

This shows that in the case of this example Axiom 2 X is not true. The same example 
Axiom 2 2 is not true as well. This can be checked by analogous computations or we can 
apply the duality in the following way. Define in A the dual operation by x o y = yx. 
Axiom 22 for the original dot operation is equivalent to the Axiom 2i for the dual "o" 
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operation. But since both operations have the same properties, we can conclude from the 
above prove that Axiom 2 X is not true for the "o" operation. 

We are looking for the sufficient conditions for %$(A) to be a g-alternative algebra, i.e. 
for the conditions under which the elements of 23(^4) satisfy Axioms 2 X and 2 2 . For any 
61, 6 2 , 6 3 G 93 (A) we must have the following identities 

Bl. -(6i(6 2 6 3 ))o + ((6162)63)0 + ((6 2 6i)6 3 )a - (6 2 (6i6 3 ))a = , 
B2. -a(6i(6 2 6 3 )) + a((&i&2)& 3 ) + a((6 2 6i)6 3 ) - 0(62(6x63) = 0; 

and the dual identities 

B3= B2°. -((6x62)63)0 + (6 1 (6 2 6 3 ))a + (6i(6 3 6 2 ))o - ((6163)63)0 = 0, 
B4= Bl°. -o((6i6 2 )6 3 ) + o(6i(6 2 6 3 ) + o(6i(6 3 6 2 )) - o((6i6 3 )6 2 ) = 0. 

First we compute the left side of identity Bl. By the definition of the multiplication in 
23(A) we obtain: 

(5.1) - (6i(6 2 6 3 ))o + ((6x62)63)0 + ((626063)0 - (6 2 (6 x 6 3 ))o 

= -6i((6 2 6 3 )o) - 61(0(6263)) + (6io)(6 2 6 3 ) + (6i6 2 )(6 3 o) + (b 1 b 2 )(ab 3 ) - {{b x b 2 )a)b z 
+ (6 2 6i)(6 3 o) + (6 2 6i)(o6 3 ) - ((62600)63 - 6 2 ((6i6 3 )o) - 62(0(6163)) + (6 2 o)(6i6 3 ) 

= -61(62(630)) - 61(62(063)) + 6i((6 2 o)6 3 ) - 61 ((063)63) - 61 ((630)63) + 61(63(063)) 
+ ((6x0)62)63 + (6 2 (6io))6 3 - 6 2 ((6io)6 3 ) + h&iha)) + 6i((6 3 o)6 2 ) - (6i(6 3 o))6 2 
+ 61(62(063)) + 6 1 ((o6 3 )6 2 ) - (6i(o6 3 ))6 2 - (6 1 (6 2 o))6 3 - (6i(o6 2 ))6 3 + ((6io)6 2 )6 3 
+ 62(61(630)) + 6 2 ((6 3 o)6i) - (6 2 (6 3 o))6i + 6 2 (6i(o6 3 )) + 6 2 ((o6 3 )60 - (6 2 (o6 3 ))6! 

- (6 2 (6io))6 3 - (62(060)63 + ((620)6063 - 6 2 (6 1 (6 3 o)) - b 2 (h{ab 3 )) + 6 2 ((6io)6 3 ) 

- 6 2 ((o6i)6 3 ) - 6 2 ((6io)6 3 ) + 6 2 (6i(o6 3 )) + ((6 2 o)6i)6 3 + (6i(6 2 o))6 3 - 6i((6 2 o)6 3 ). 
The left side of identity B2 gives the following 

(5.2) - 0(61(6263)) + o((6i6 2 )6 3 ) + o((6 2 6i)6 3 ) - 0(62(6163)) 

= -(o&0 (6 2 6 3 ) - (M(6 2 6 3 ) + 6 1 ((a6 2 )6 3 ) - ((6x0)62)63 - (6i(6 2 a))6 3 + 6i((6 2 o)6 3 ) 
+ 6 2 ((a6i)6 3 ) + 6 2 ((6xo)6 3 ) - 6 2 (6i(a6 3 )) - (a6 2 )(6i6 3 ) - (b 2 a)(hb 3 ) + 6 2 (a(6i6 3 )) 

= -((o6x)6 2 )6 3 - (6 2 (o6x))6 3 + 6 2 ((o6x)6 3 ) - ((6io)6 2 )6 3 - (6 2 (M)6 3 + 6 2 ((6 1 o)6 3 ) 
+ 6i((a6 2 )6 3 ) + 6i((6 2 a)6 3 ) - 6i(6 2 (a6 3 )) + ((061)62)63 + ((6io)6 2 )6 3 - (6i(o6 2 ))6 3 
+ (6i(6 2 o))6 3 + (6 1 (o6 2 ))6 3 - ((610)62)63 - 6 X (62(063)) - 6 1 ((a6 3 )6 2 ) + (6 x (a6 3 ))6 2 
+ ((062)61)63 + ((620)61)63 - (6 2 (o60)6 3 + (6 2 (6ia))6 3 + (6 2 (o60)6 3 - ((620)61)63 

- 62(61(063)) - 6 2 ((o6 3 )60 + (6 2 (o6 3 ))6i - ((062)61)63 - (6i(o6 2 ))6 3 + 6i((a6 2 )6 3 ) 

- ((6 2 o)606 3 - (6i(6 2 o))6 3 + 6i((6 2 a)6 3 ) + 6 2 ((a6i)6 3 ) + b 2 ((b ia )b 3 ) - 6 2 (6 1 (a6 3 )). 

The identities B3 and B4 give the duals to the expressions (15. 2p and (15.11) respectively. 
It is easy to see that all obtained expressions are the combinations of the elements of 
the following type 



16 



J.M. CASAS, T. DATUASHVILI, AND M. LADRA 



Al= 61(63(630)) +h(b 2 (ab 3 )), 
A2 = 6 1 ((o6 2 )6 3 ) + 6 1 ((6 2 o)6 3 ), 
A3 = ((610)62)63 + (62(6^)63, 
A4 = 6 1 (6 2 (o6 3 )) + 6 2 (6 1 (o6 3 )), 
A5 = ((6ia)6 2 )6 3 + ((620)6063, 
A6 = 61(62(630)) + 6i((6 3 a)6 2 ), 
A7 = 61(63(063)) + 6i((a6 3 )6 2 ), 
A8 = (6 1 (6 2 o))63 + (6 1 (a6 2 ))63, 
A9 = ((061)62)63 + (6 2 (o6i))6 3 , 
A10 = ((063)61)62 + ((063)62)6!, 
All = 63(62(061)) + 63(61(063)), 

where 61, 6 2 , 63 G 53(A), a G A. 

Theorem 5.1. If for any 61,62,63 G 23(A), a G A, we 6ai>e t6e equalities Ai = /or 
z = 1, . . . , 11, t6en 23(A) zs a g-alternative algebra. 

Proof. The proof follows directly from the identities (15. II) . (15.21) and the dual identities, 
which proof that under the conditions of the theorem we have Axioms 2 X and 2 2 for the 
elements of 23(A). □ 

On the other hand the following proposition shows that 23(A) is a g-alternative algebra 
up to the congruence relation ~. 

Proposition 5.2. For any 61, 62, 63 G 23(A), a G A, we have Ai ~ for i = 1, . . . , 11. 

Proof. Direct application of the statements 14.71 14.121 14.131 and 14.151 □ 

Corollary 5.3. //Asoci(A) = 0, then 23(A) is a g-alternative algebra. 

Lemma 5.4. Let {i?j}j g / be the family of all g-alternative algebras which have a derived 
action on A. The following conditions are equivalent: 

(a) Asoci(A) = 0; 

(b) Asoci^A) = 0; 

(c) every derived action of Bi on A is anticommutative, for any i G / (i.e. bia = —abi, 
bi G B i} a G A) and Ann(A) = 0. 

Proof. The implication (a)=^(b) is obvious, since Asoci 1 (A) C Asoci(A). 

(b) =^(c). We have 6^0 + abi £ Asoci 1 (A); since Asoci 1 (A) = 0, it follows that every 
derived action is anticommutative; in particular, since A has a derived action on itself, A is 
anticommutative. From this it follows that the right and left annulators of A coincide and 
thus rAnn(A) = lAnn(A) = Ann(A). As we have noted in Section HJ we have an inclusion 
Soci(A) C Asoci 1 (A), from which we obtain that Soci(A) = 0. Therefore we obtain that 
Ann(A) = Asoci^A) = 0. 

(c) =^>(a). Since every action of Bi on A is anticommutative, we have Soci(A) = 0. There- 
fore for x G Asoci(A) there exists a natural number n, such that for any ai, . . . , a n G A we 
have (. . . ((0:01)02) . . . a n ) = 0. Since Ann(A) = 0, it follows that (. . . ((0:01)02) . . . o n _i) = 
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0. Thus applying analogous arguments we obtain that xa\ = for any a\ G A and therefore 
x = since Ann(A) = 0, which ends the proof. □ 

Proposition 5.5. If A is anticommutative g-alternative algebra over a field F and Ann(A) = 
; then (a\b)a2 = a\{ba2), for any g-alternative algebra B with derived action on A and 
any a\, a 2 G A,b G B . 

Proof. If char F ^ 2, then by Lemma fl~6l (iv) A = 0, so the equality always holds. Consider 
the case charF = 2. Since A is anticommutative, by Lemma [4.61 (ii), it is antiassociative 
as well, and therefore, for any a G A, we have the following equalities 

((016)02)0 = — (et2(ai&))a = (ai(a2&))a = — (aia)(a2&) = a2((aia)6) = 

— {{a\a)b)a2 = —(ai(ab) + a\{ba) — (a\b)a)a2 = — (— a(a\b) + a\{ba) — (a\b)a)a2 = 
— ((ai6)a + aiiba) — (aib)a)a 2 = — (ai(6a))a 2 = ai((6a)a 2 ) = — ai((6a 2 )a) = (ai(6a 2 ))a, 

(ai(ba2))a = — (aia){ba2) = (a\{ba2))a ) 

from which by the condition Ann(A) = follows the desired equality. □ 

Note that the proof of this proposition doesn't follow from Lemma H~6l (i) by taking there 
x — ax, y — b, z — 02, since in the proof of Sf s ~ is involved Soci(A), which contains an 
element from B. 

Proposition 5.6. Let A be a g-alternative algebra with Ann(A) = 0. The following con- 
ditions are equivalent: 

(i) for any g-alternative algebra B with derived action on A in gAlt, we have ba = —ah 
for any a G A,b G B ; 

(ii) A is anticommutative. 

Proof. Here, as in the previous proposition, we need to prove only the case, where char F = 
2. It is obvious that (i) (ii), since A has a derived action on itself, 
(ii) =^ (i). For any a', a" G A we have 

a"(a'(ab) + a'(ba)) = a"(-a(a'b) + a'(ba)) = a"(-a(a'b) + (a'b)a + (ba')a - b(a'a)) = 
a"(-a(a'b) - a(a'b) + (ba')a - (ba')a - (a'b)a + a'(ba)) = -2a"(a(a'b)) = 0. 

Here we applied anticommutativity of A, Axiom 2, Proposition 15.51 and Lemma 14.61 
(iii). ' ' □ 

Proposition 5.7. If A is an anticommutative g-alternative algebra and Ann (A) = 0, then 
*B{A) is a g-alternative algebra. 

Proof. Apply Corollary 15.31 Lemma 15.41 and Proposition 15.61 □ 

6. Sufficient conditions for the existence of an actor in gAlt 

It is obvious that the action of *B{A) on A satisfies identities Hi and II2; but this action 
in general is not a derived action. We begin with examples, which show that all other 
action identities fail in general. 
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Example 6.1. Here we consider the product algebra A x A of Example 15.11 and we show 
that the identity II 3 is not true in general. We take in II 3 : instead of a the element 
(a, a') G A X A, bx — 1, 62 = A and obtain that in this case II3 is equivalent to the following 
equality (0, aX) = (0, 2aX) — (0, Xa). 

From this, since by assumption aX = —Xa and charF 7^ 2, we obtain that aX = 0, which 
is not true in general. 

Example 6.2. Consider the same example of the algebra A x A as in Examples 15.11 and 
16.11 We take in II 4 instead of a the element (a, a'),b% = X, 62 = 1 and obtain (0, Xa) = 



As in the previous example, this implies aX = 0, which is not true in general. 

Example 6.3. Here we consider the example which shows that the identity L is not always 
true. Let A and R be commutative, associative algebras over a field F with characteristic 
2, and R has a derived action on A in the category of commutative, associative algebras, 
i.e. together with the conditions given in Section [2j We have ra = ar, for any a e A and 
r e R. Obviously this will be a derived action in the category of g-alternative algebras as 
well. Let A be a g-alternative algebra over the same field F, which acts on A in gAlt, and 
there exists an element a' e A, such that a'X is not a zero divisor in A. We shall show that 
the following equality is not true 



for any a G A. Under the above assumptions on actions and algebras the computations 
give the following: 

• (rX)(aa') = r(X(aa')) + r((aa')X) - (r(aa'))X = r((Xa)a') + r((aA)o / ) - r(a(Xa')) - 
r((aX)a') + ((ra)X)a'; 

• ((rX)a)a' = (r(Xa))a' + (r(oA))o' - ((ra)X)a'; 

• (a(rX))a' = —(r(aX)a'; 

• -a((rX)a') = -o(r(Ao')) - o(r(a'A)) + a((ra')A). 

Thus the above equality is equivalent to the following one: a((ra')A) = (ar)(a'A). 

Applying the fact that A is commutative and char F = 2, we have a((ra')X) = —(ra')(aX); 
therefore we obtain — (ra')(aX) = (ar)(a'X), which can not be true for any a, since in this 
case a A = implies ar = 0, because a' A is not a zero devisor by assumption. 

The cases of the identities I2, I3, I4 are considered in analogous ways. 

Theorem 6.1. If Asoci(A) = ; then the action of *B(A) on A is a derived action. 

Proof. From the definition of the multiplication in 55(A) it is easy to see that the identities 
Hi and II 2 of Section [3] always hold for the action of %${A) on A. For the identities L — I4 
and II 3 and II4 we apply statements 14.111 and 14.121 which show that under the condition 
of the theorem 23(A) has a derived action on A. Note that the same can be proved by the 
statements EDS EES EO and I4TT51 □ 

Corollary 6.2. If Asoci(A) = ; then %$(A) is an actor of A. 

Proof. Apply Corollaries 12.61 15.31 and Theorem 16.11 □ 




(0,2Aa) - (0,aA). 



(rX)(aa') = ((r\)a)a! + (a(r\))a! - a((rX)a') 
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Corollary 6.3. If A is anticommutative g-alternative algebra over a field F and Ann(v4) = 
; then there exists an actor of A and Act (A) = *B(A). 

Proof. If charF 7^ 2, then, by Lemma 14.61 (iv), it follows that A = 0, and obviously 
Act (A) = 25(^4) = 0. If charF = 2, we apply Lemma 15.41 Propositions 15.61 and [5771 
Corollary 16.21 and obtain the result. □ 

Here we give the construction of an F-algebra of bimultiplications Bim g Ait(^4) of a g- 
alternative algebra A over a field F. Below is used the notation /* and */ for the F-linear 
maps A — > A; we will denote by fa (resp. af) the value (f*)(a) (resp. (*/)(a)). This 
kind of notation (similar to the one of the actions b * a and a * b in a category of interest) 
makes simpler to write down the conditions for bimultiplications; we will see that these 
conditions are simply Axioms 2± and 22 written for the four different ordered triples. An 
element of Bim g Ait(^4) is a pair / = (/*, */) of F-linear maps from A to A, which satisfies 
the following conditions 

f(a 1 a 2 ) = (fai)a 2 + (ai/)a 2 - a 1 (fa 2 ) , 
(aia 2 )/ = ai(a 2 /) + a 1 (fa 2 ) - (aj)a 2 , 
(fa x )a 2 = /(aia 2 ) + /(a 2 a x ) - (fa 2 )a 1 , 
ai{a 2 f) = (aia 2 )/ + (a 2 ai)/ - a 2 (a 1 f) . 
The product of the elements / = (/*, */) and /' = (/'*, */') of Bim g Ait(^4) is defined by 

//' = (/ *f'*,*f*f), 
here on the right side / * /'* and */ * /' are defined by 

(/ * f'*)(a) = f(f'a) + f(af') - (fa)f , 
(*/* /0(a) = («/)/' + (/«)/'- /(a/0 • 

For the addition we have 

/ + /' = ((/*) + A */ + (*/0). 

where 

((/*) + /'*)(a) = /a + /'a, 

(*/+(*/0)(o) = o/ + a/'. 

The product of two bimultiplications may not have the properties (16. ip . Therefore we 
include in Bim g Ait(^4) ah the new obtained pairs of F-linear maps. Note that different 
products can give one and the same pairs of maps, i.e. ((p*,*ip) = ((p'*,*(p') if (pa = 
if'a and a(f = aip', where ip = (<p*,*<p) and ip' = (tp'*,*tp') are certain combinations of 
bimultiplications. 

It is obvious that Bim g Ait(^4) is an F-algebra and it is an object of gAlt G in general. In 
the same way as Corollary 16. 3[ it can be proved 

Theorem 6.4. Let A be an anticommutative g-alternative algebra with Ann(A) = ; then 
there exists an actor of A and Act (A) = Bim g Ait(^4)- 
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Corollary 6.5. Under the condition of Theorem 6.4 we have Bim g Ait(A) = 93(A). 

Proof. The conditions of Corollary 16.31 are fulfilled, from which it follows that 93(A) is an 
actor of A. From Theorem 16.41 and the universal property of an actor we obtain the desired 
equality. □ 



7. The existence of an actor in Alt 

As we have noted in Section [2j by definition of general category of interest, we have 
Altc = gAlt G . Let Alt be a category of alternative algebras over a field F with charF = 2. 
Then, by Proposition I2.8[ Alt C gAlt. In the categories Alt and gAlt Axiom 2 is the same, 
according to which the multiplication in the construction of a universal strict general actor 
is defined. Therefore, for any A G Alt, the algebra 93 Ait (A), constructed for the derived 
actions in Alt, is a subalgebra of 93(A), constructed for the derived actions in gAlt for the 
same alternative algebra A. Thus we have the inclusion of algebras 93 Ait (A) C 93(A). 

Proposition 7.1. If A is anticommutative g-alternative algebra and Ann(A) = ; then 
93(A) is also anticommutative and Ann (93 (A)) = 0. 

Proof. If charF 7^ 2, then, by Lemma 14.61 (iv), it follows that A = 0, and obviously 
93(A) = Ann(93(A)) = 0. If charF = 2, then by Proposition 15.61 every derived action on 
A is anticommutative; from this and the condition Ann(A) = 0, by Lemma [5.41 it follows 
that Asoci(A) = 0. Applying this fact, from Proposition 14.71 we obtain that >S| ac = 0, 
which gives the equalities 0(6162) = —0(6261) and (6162)0 = —(6261)0, for any a G A and 
61,62 G 93(A), which by the construction of 93(A), proves that 93(A) is anticommutative. 
Now we shall prove that Ann(93(A)) = 0. Suppose 616 = for any 6 G 93(A), which means 
that (61 6) a = 0, for any a G A. By the definition of multiplication in 93(A) and an action 
of 93(A) on A we have 

(616)0 = 61 (6a) + 61 (ab) - (6ia)6 = . 

Since the action of 93(A) is anticommutative, we obtain that {b\a)b = 0, for any 6 G 93(A), 
and in particular, for 6 = a', where a' is any element from A. This gives (b\a)a! = 0, for 
any a', which means that &id is an annulator in A, therefore 61a = 0, for any a G A, which, 
by construction of 93(A), implies that 61 = 0. □ 

Note that in the proof of Proposition 17.11 we could take 6 = a in 616 = 0, for any a G A. 
In this case we should prove that (61 a) a' = (61 a) a', for any a' G A. For this we would have 
to apply the fact that 93(A) has a derived action on A in gAlt. From this we would obtain 
that 61a and 61a are equal in 93(A), i.e. 6 x a = cl(bia), which will imply that (b\a)a' = 0. 
From this, since Ann(A) = 0, it would follow that 61a = 0, and therefore 61 = 0. As we 
see this proof is longer than we have presented. 

It is easy to see, and it is noted in [211 122], that any commutative or anticommutative 
algebra satisfies the flexible law Ei. Therefore, from this proposition and Proposition 12.81 
(i), it follows that, under the conditions of Proposition 17. 1\ 93(A) is an alternative algebra. 
The following corollary proves that 93(A) is an associative algebra as well. 
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Corollary 7.2. If A is anticommutative g- alternative algebra with Ann(A) = 0, then 55(A) 
is an associative algebra, in particular, 03(A) G Alt. 

Proof. Apply Proposition 17.11 and Lemma 14.61 (iii). □ 

Theorem 7.3. If A is anticommutative alternative algebra over afield F with Ann(A) = 0, 
then there exists an actor of A in Alt and Act (A) = 03 Ait (A) = 23(A). 

Proof. By Proposition 12.81 for any field F, we have Alt C gAlt. If charF ^ 2, then, by 
Lemma 14.61 (iv), it follows that A = 0, and obviously Act (A) = 03(A) = 0. Suppose 
charF = 2. Since A is a g-alternative algebra, we can apply Corollary 17. 2\ and therefore 
03(A) is an alternative algebra. By Corollary 16.31 the action of 03(A) on A is a derived 
action in gAlt. We shall prove that the action of 03(A) on A satisfies the conditions IIIi 
and III2 of Section [31 for any a G A and b G 03(A). By Proposition I5.6[ every derived 
action on A is anticommutative, and by Lemma 15.41 under the conditions of the theorem 
we obtain Asoci(A) = 0; therefore applying Lemma [4.111 and Proposition 14.121 we obtain 
that 5*f s = and = 0, which imply respectively the equalities llli and III 2 . 03(A) is 
an actor of A in gAlt, therefore by the definition of an actor we obtain, that 03(A) is an 
actor of A in Alt. Now the result follows from Theorem 12.51 □ 

The construction of an F-algebra of bimultiplications BiniAit(A) of an alternative algebra 
A over a field F is analogous to Bim g Ait(A), where in addition we require that pairs 
/ = (/*) */) °f F-linear maps from A to A together with conditions (16. ip satisfy the 
following two conditions: 

a(fa) = (af)a, 
f(af) = (fa)f. 

The statements analogous to Theorem 16.41 and Corollary 16.51 take place for alternative 
algebras. Obviously, every commutative associative algebra over a field with characteristic 2 
is anticommutative g-alternative algebra, and every anticommutative g-alternative algebra 
A over the same kind field with Ann(A) = is associative and commutative (apply Lemma 
14.61 (ii)). Let Bim(A) denote the algebra of bimultiplications of an associative algebra A 
[IT] . It is proved in [8] that if A is any associative algebra with Ann(A) = 0, then there 
exists an actor of A in the category of associative algebras and Act (A) = Bim(A). The 
analogous result we have in the category of commutative associative algebras, under the 
same condition an actor exists and this is the commutative algebra of multiplications M(A) 
[T3] (or multipliers [13]) of A, which is defined as an algebra of F-linear maps /: A — ► A 
with f(aa') = f(a)a', for any a, a' G A. Let A be an associative commutative algebra over 
a field F with characteristic 2 and Ann(A) = 0. The equalities Sf = and Sf* = in 
the proof of Theorem 17.31 imply that the action of 03(A) on A is a derived action in the 
category of associative algebras. At the same time we know that 03(A) is anticommutative 
and its action on A is anticommutative as well, therefore 03(A) is commutative and the 
action on A is commutative too. Therefore, in the same way as in the proof of Theorem 1 7. 3 1 
we conclude that 03(A) is an actor of A in the categories of associative and commutative 
associative algebras. From the universal property of an actor we obtain, that if A is 
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commutative associative algebra over a field F with characteristic 2 and Ann(v4) = 0, then 
= Bim(A) = Af(A). 
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